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In a jump diffusion equation for stock price both the expected return and jump size are normally-distributed random
variables with a mean and a variance. In this white paper we will combine the variances associated with expected
return and jump size into one normally-distributed random variable. We do this so that we can use the Black-
Scholes option pricing model when pricing options on jump diffusion processes. To that end we will work through
the following hypothetical problem...

Our Hypothetical Problem

We are tasked with building a model to forecast ABC Company stock price given the following go-forward model
assumptions...

Table 1: Go-Forward Model Assumptions

Symbol  Description Value
So Stock price at time zero ($) 20.00
o Expected return mean (%) 12.50
o Expected return volatility (%) 35.00
w Jump size mean (%) 3.50
v Jump size volatility (%) 10.00
A Average number of annual jumps (#) 3.00
t Time in years (#) 4.00

Our task is to answer the following questions...

Question 1: What is random stock price at the end of year 4 given that there were k = 10 jumps drawn from a
Poisson distribution and z = -1.20 drawn from a normal distribution.

Question 2: What is expected conditional stock price at the end of year 4 given that there were 10 jumps over
the time period [0, 4]?

Question 3: What is expected unconditional stock price at the end of year 4?7

An Equation For Combined Variance

We defined the independent normally-distributed random variables x and y with the following means and variances...
wa{O,l] ...and... wa[O7 1} (1)

Because the random variables z and y in Equation (1) above are standardized, independent and normally-
distributed, we can make the following statements as to expectations...

EM =0 ..and... E[ﬁ] =1 ..and... EM =0 ..and... E{gﬁ} =1 ..and... E[xy} =0 (2)

Using Equations (1) and (2) above we defined the jump diffusion equation for conditional random stock price as
follows... [2]
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Because the random variables z and y in Equation (3) above are normally-distributed then the following function
f(z,y) is also normally-distributed...

flz,y)=cVtz+uv Vky ..and... flz,y) ~ N {mean,variance] (4)
Using Equation (2) above the equation for the first moment of Equation (4) above is...
E[f(x,y)] = ]E[o tax —Hﬂ/%y]
= O’\/i]E|:£L‘:| +U\/EE{y}

=0 ...because... E[x =0 ...and... E[y} =0 (5)

Using Equation (2) above the equation for the second moment of Equation (4) above is..

E[f(a:,y)z} = ]E|:(72tf£2 +0%ky? +20Vtv k:z:y_
=0o’tE {xﬂ +0v’kE {yﬂ +20VtuVkE [ac y]
= 0%t +v?k ...because... E[Jc2] =1 ..and.. E[yg] =1 ..and.. E[my} =0 (6)
Using Equations (5) and (6) above the mean and variance of Equation (4) above are...

mean = E[f(x,y)} =0 ..and... variance = E [f(x, y)2] - [E {f(x,y)”Q = ot + 0%k (7)

We will define the random variable z to be normally-distributed with mean zero and variance one. Using Equation
(7) above we can rewrite Equation (4) above as...

f(z,y) = mean + Vvariance z = 0 4+ /02t + 02k z = \/02t + 02k z ...where... z ~ N[O, 1] (8)

Stock Price Equations

Using Equation (8) above we can rewrite conditional random stock price Equation (3) above as...

S(k)e —SOEXp{ut)\thrkln(ler);thk;v2+\/02t+v2kz} (9)

We will make the following variable definition...

/ 2k 1 1 1
if... 6= U2+UT ...then... — 5&%: ——o*t—k=v? .and... 6Vt = V52t =0t + vk (10)
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Using the definitions in Equation (10) above we can rewrite conditional random stock price Equation (9) above as...
1
S(k): = So Exp {,ut —Awt+kIn(l+w)— 2&2t+&\/£z}
1
= SoExp{k In(1 +w)}(u Aw — 2&2> t+6\/fz}
F 1
So<1+w> Exp{(,u)\w(}Q)t+6\/Zz} (11)

We will make the following variable definition...
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Using Equation (12) above we can rewrite conditional random stock price Equation (11) above as...

S0 = 51 +w>kExp {o} (13)

Given that the variable 6 in Equation (13) above is normally-distributed then the exponential of € is lognormally-
distributed. Using Equations (12) and (13) above the equation for expected conditional stock price at time ¢

is... E{S(k)t] _E{S()(l +w)kExp{9H

k
1
=Sy <1 + w) Exp {mean + 3 variance}

k
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k
=5 (1 +w> Exp {,ut— )\wt} (14)

Using Equation (14) above the equation for expected unconditional stock price at time ¢ is... [1]

E[St} _ i (Akt!)k Exp{ _ At} E[S(k)t] — Sy Exp {,u:} (15)

k=0

The Answers To Our Hypothetical Problem

Question 1: What is random stock price at the end of year 4 given that there were k = 10 jumps drawn from a
Poisson distribution and z = -1.20 drawn from a normal distribution.

Using Equation (10) above and the data in Table 1 above the equation for combined volatility is...

2% 102 x 1
6= \/02 n UT - \/0.352 + w — 0.38406 (16)

Using Equations (11) and (16) above and the data in Table 1 above the answer to the question is...

10
1
S5(10)4 = 20.00 x (1 +0.035) x Exp { <0.125—3 % 0.035 — 3 X 0.384062> X 440.38406 x /4 x —1.2} =9.05 (17)

Question 2: What is expected conditional stock price at the end of year 4 given that there were 10 jumps over
the time period [0, 4]?

Using Equation (14) above and the data in Table 1 above the answer to the question is...
10
E {5(10)4} = 20.00 x <1 + 0.035> x Exp {0.125 x 4 —3 x0.035 x 4} = 30.56 (18)
Question 3: What is expected unconditional stock price at the end of year 47
Using Equation (15) above and the data in Table 1 above the answer to the question is...

E {54} = 20.00 x Exp {0.125 X 4} =32.97 (19)
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